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VELOCITY            
Below is a plot of the position of a toy car on a straight (one dimensional) track as a function of time over a period of about 3.8 seconds.




1. Describe in words (a couple of sentences) what this toy car did during those 3.8 seconds.

2. What was the car doing at around t = 0.8 seconds?  What is special about this time?

3. What was the car doing at around t = 1.6 seconds?  What is special about this time?

4. Now you are the physics teacher.  One of your students tells you that the velocity of the car is zero when t = 1.6 seconds.  The student claims that this is true since velocity is position divided by time and the position is obviously zero when t = 1.6 seconds, so the position divided by time is also zero.  What would you say to enlighten this student?

5. Now we are going to try to figure out what the instantaneous velocity of this toy car was when t = 2.0 seconds.  We are going to try to do this four different ways that are all closely related.  You can work with your classmates in groups to divide up the work of the last three methods. 

a) Suppose you were handed a straightedge and a pencil and you were asked to find the instantaneous velocity when t = 2.0 seconds.  What would you do?  Discuss what you would do with the other students in your group, taking care to try to explain why it would work.  Then give it a try.  Estimate the velocity at t = 2.0 seconds by looking at the position graph and using a straightedge and a pencil.  Record your best estimate of the velocity.

What next?  If we had the function x(t) for the position we could also calculate the instantaneous velocity by “taking the derivative” of the position with respect to time:



.

This formula is correct by virtue of the fact that it is a definition, but in terms of physical problems, it hides a few things.  First, Mother Nature doesn’t provide us with functions like x(t).  She provides us with objects of which we can make measurements and from those measurements we can produce data, but we never have a mathematical function x(t).  Second, that limiting process is hard to do in the real world.  We can look at two position values separated by some finite amount of time and try to force that amount of time to be as small as we can get it, but it will never really go to zero the way it must in the rigorous mathematical sense.  The third thing that this formula hides is that taking a derivative can be done in any number of ways, even after we agree as to what size our small time interval should be.  For example, we can certainly imagine taking the limit in three different ways:

· We could always look at the position x(t) and then look at some later position 

, taking the difference between them and dividing by the time interval.  We will call this taking a “forward derivative:”



    

· We could always look at the position x(t) and then look at some earlier position 

, taking the difference between them and dividing by the time interval.  We will call this taking a “backward derivative:”



    

· Or we could look at the earlier position

and then look at the later position 

, taking the difference between them and dividing by the time interval.  We will call this taking a “symmetric derivative:”



    

b) For the next three methods of calculating the instantaneous velocity of the toy car at the time t = 2.0 seconds, divide yourselves into groups and use the position versus time data from the table on the following page to fill in the tables of velocity estimates below.  One group can fill in the first table below, using the “forward derivative” method with decreasing values of (t ranging from half of a second to one hundredth of a second.  The next group can fill out the second table using the “backward derivative” approach. The third group should fill in the last table using the “symmetric derivative” algorithm.

· 


(t
velocity estimate

1.0 s


0.5 s


0.2 s


0.1 s


0.05 s


0.01 s


· 


(t
velocity estimate

1.0 s


0.5 s


0.2 s


0.1 s


0.05 s


0.01 s


· 


(t
velocity estimate

1.0 s


0.5 s


0.2 s


0.1 s


0.05 s


0.01 s


POSITION VERSUS TIME DATA

time in seconds
position in meters

0.00
-0.2400

1.00
-0.4200

1.50
-0.1069

1.80
0.2338

1.90
0.3645

1.95
0.4318

1.99
0.4863

2.00
0.5000

2.01
0.5137

2.05
0.5687

2.10
0.6375

2.20
0.7738

2.50
1.1381

3.00
1.3200

4.00
-2.7600

QUESTIONS FOR DISCUSSION:

1. What can you conclude about the instantaneous velocity of the car when t = 2.0 s?  How accurately do you know this velocity?

2. Do the three methods for calculating instantaneous velocity agree?  Did one work better than the others?

3. Did all of the three methods show a steady progression toward a final limit?  Did any of the methods show velocity values that moved in one direction and then the other as the time interval was decreased?  Does this reduce your confidence in the “final” result?

4. Can we be sure that this process of taking smaller and smaller time intervals actually reached a limit or do we need to look at still smaller time intervals?  Can we ever be sure?

NOTE:  The “motion” of the toy car used for this exercise was actually produced from a very smooth mathematical function.  The mathematical value of the instantaneous velocity as worked out from that function turns out to be 1.370 meters/second.  Science, however, must rely on measurements and there are always decisions to be made about interpretation of data and sources of uncertainty related to them.  In the context of this exercise it is worth noting that most good scientific ranging equipment can only measure position as a function of time to within an accuracy of about a hundredth of a second.

WHAT A STROKE OF LUCK!!!    We just got a new grant to buy some better timing equipment, so we can look at even shorter time intervals as small as one ten-thousandth of a second!  Maybe we can get a better estimate of velocity.  Here is the new data:

time in seconds
position in meters

1.9900
0.4863

1.9990
0.4986

1.9999
0.4999

2.0000
0.5000

2.0001
0.5001

2.0010
0.5014

2.0100
0.5137

Try to get more accurate estimates of the instantaneous velocity when t = 2.000 seconds.

Fill in the tables below:

· 


(t
velocity estimate

0.0100 s


0.0010 s


0.0001 s


· 


(t
velocity estimate

0.0100 s


0.0010 s


0.0001 s


· 


(t
velocity estimate

0.0100 s


0.0010 s


0.0001 s


QUESTION FOR DISCUSSION:   What happened???
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time in seconds

position in meters

0.0

-0.24

1.0

-0.42

xnot=

-0.24

1.5

-0.1069

vnot=

-0.23

1.8

0.2338

anot=

-1.0

1.9

0.3645

jerknot=

4.2

1.95

0.4318

jerkdotnot=

-3.6

1.99

0.4863

2.0

0.5

2.01

0.5137

2.05

0.5687

2.1

0.6375

2.2

0.7738

2.5

1.1381

3.0

1.32

4.0

-2.76

time in seconds

position in meters

1.99

0.4863

1.998

0.4973

1.999

0.4986

2.0

0.5

2.001

0.5014

2.002

0.5027

2.01

0.5137

time in seconds

position in meters

0.0

-0.24

0.2

-0.3

0.4

-0.37

0.6000000000000001

-0.43

0.8

-0.45

1.0

-0.42

1.2

-0.34

1.4

-0.2

1.5999999999999999

0.0

1.7999999999999998

0.23

1.9999999999999998

0.5

2.1999999999999997

0.77

2.4

1.03

2.6

1.23

2.8000000000000003

1.34

3.0000000000000004

1.32

3.2000000000000006

1.11

3.400000000000001

0.67

3.600000000000001

-0.08

3.800000000000001

-1.2

0.0

0.2

0.4

0.6000000000000001

0.8

1.0

1.2

1.4

1.5999999999999999

1.7999999999999998

1.9999999999999998

2.1999999999999997

2.4

2.6

2.8000000000000003

3.0000000000000004

3.2000000000000006

3.400000000000001

3.600000000000001

3.800000000000001

-0.24

-0.3

-0.37

-0.43

-0.45

-0.42

-0.34

-0.2

0.0

0.23

0.5

0.77

1.03

1.23

1.34

1.32

1.11

0.67

-0.08

-1.2

time in seconds

position in meters

0.0

-0.24

1.0

-0.42

1.5

-0.1069

1.8

0.2338

1.9

0.3645

delta t = 0.5 s

delta t = 0.2 s

delta t = 0.1 s

delta t = 0.05 s

delta t = 0.01 s

1.95

0.4318

1.99

0.4863

0.9948333333333331

1.2406666666666664

1.339600000000001

1.3563636363636384

1.3639999999999985

2.0

0.5

1.2449999999999999

1.3499999999999996

1.3649999999999987

1.3690000000000015

1.3700000000000159

2.01

0.5137

0.9051666666666668

1.2893333333333328

1.367999999999999

1.3745454545454527

1.3740000000000046

2.05

0.5687

2.1

0.6375

2.2

0.7738

2.5

1.1381

3.0

1.32

4.0

-2.76

0.0

0.2

0.4

0.6000000000000001

0.8

1.0

1.2

1.4

1.5999999999999999

1.7999999999999998

1.9999999999999998

2.1999999999999997

2.4

2.6

2.8000000000000003

3.0000000000000004

3.2000000000000006

3.400000000000001

3.600000000000001

3.800000000000001

-0.24

-0.3

-0.37

-0.43

-0.45

-0.42

-0.34

-0.2

0.0

0.23

0.5

0.77

1.03

1.23

1.34

1.32

1.11

0.67

-0.08

-1.2

time in seconds

position in meters

0.0

-0.24

1.0

-0.42

1.5

-0.1069

1.8

0.2338

1.9

0.3645

delta t = 0.5 s

delta t = 0.2 s

delta t = 0.1 s

delta t = 0.05 s

delta t = 0.01 s

1.95

0.4318

1.99

0.4863

1.369047619047618

1.3745454545454527

1.3733333333333368

1.3700000000000159

1.3699999999999979

2.0

0.5

1.2761999999999998

1.368999999999999

1.3749999999999982

1.3740000000000046

1.3700000000000339

2.01

0.5137

0.8144444444444443

1.2742857142857134

1.3689473684210498

1.3755555555555499

1.3749999999999973

2.05

0.5687

2.1

0.6375

2.2

0.7738

2.5

1.1381

3.0

1.32

4.0

-2.76

time in seconds

position in meters

0.0

6.2

0.2

5.08

0.4

2.99

0.6000000000000001

0.55

0.8

-1.75

1.0

-3.5

1.2

-4.39

1.4

-4.23

1.5999999999999999

-2.92

1.7999999999999998

-0.47

1.9999999999999998

3.0

2.1999999999999997

7.28

2.4

12.04

2.6

16.87

2.8000000000000003

21.23

3.0000000000000004

24.5

3.2000000000000006

25.93

3.400000000000001

24.69

3.600000000000001

19.84

3.800000000000001

10.33

0.0

0.2

0.4

0.6000000000000001

0.8

1.0

1.2

1.4

1.5999999999999999

1.7999999999999998

1.9999999999999998

2.1999999999999997

2.4

2.6

2.8000000000000003

3.0000000000000004

3.2000000000000006

3.400000000000001

3.600000000000001

3.800000000000001

-0.24

-0.3

-0.37

-0.43

-0.45

-0.42

-0.34

-0.2

0.0

0.23

0.5

0.77

1.03

1.23

1.34

1.32

1.11

0.67

-0.08

-1.2

time in seconds

position in meters

0.0

-0.24

1.0

-0.42

1.5

-0.1069

1.8

0.2338

1.9

0.3645

delta t = 0.5 s

delta t = 0.2 s

delta t = 0.1 s

delta t = 0.05 s

delta t = 0.01 s

1.95

0.4318

1.99

0.4863

0.9948333333333331

1.2406666666666664

1.339600000000001

1.3563636363636384

1.3639999999999985

2.0

0.5

1.2138

1.3310000000000002

1.3549999999999989

1.3639999999999985

1.3699999999999979

2.01

0.5137

0.9051666666666668

1.2893333333333328

1.367999999999999

1.3745454545454527

1.3740000000000046

2.05

0.5687

2.1

0.6375

2.2

0.7738

2.5

1.1381

3.0

1.32

4.0

-2.76

time in seconds

position in meters

0.0

6.2

0.2

5.08

0.4

2.99

0.6000000000000001

0.55

0.8

-1.75

1.0

-3.5

1.2

-4.39

1.4

-4.23

1.5999999999999999

-2.92

1.7999999999999998

-0.47

1.9999999999999998

3.0

2.1999999999999997

7.28

2.4

12.04

2.6

16.87

2.8000000000000003

21.23

3.0000000000000004

24.5

3.2000000000000006

25.93

3.400000000000001

24.69

3.600000000000001

19.84

3.800000000000001

10.33

0.0

0.2

0.4

0.6000000000000001

0.8

1.0

1.2

1.4

1.5999999999999999

1.7999999999999998

1.9999999999999998

2.1999999999999997

2.4

2.6

2.8000000000000003

3.0000000000000004

3.2000000000000006

3.400000000000001

3.600000000000001

3.800000000000001

-0.24

-0.3

-0.37

-0.43

-0.45

-0.42

-0.34

-0.2

0.0

0.23

0.5

0.77

1.03

1.23

1.34

1.32

1.11

0.67

-0.08

-1.2

time in seconds

position in meters

velocity in meters/second

0.0

-0.24

-0.23

1.0

-0.42

0.27

1.5

-0.1069

0.97

1.8

0.2338

1.275

1.9

0.3645

1.336

1.95

0.4318

1.356

1.99

0.4863

1.368

2.0

0.5

1.37

2.01

0.5137

1.372

2.05

0.5687

1.376

2.1

0.6375

1.374

2.2

0.7738

1.345

2.5

1.1381

1.02

3.0

1.32

-0.53

4.0

-2.76

-9.03

time in seconds

position in meters

velocity

0.0

-0.24

-0.23

0.2

-0.3006

-0.351

0.4

-0.371

-0.332

0.6000000000000001

-0.4262

-0.204

0.8

-0.447

0.007

1.0

-0.42

0.27

1.2

-0.3374

0.557

1.4

-0.1974

0.84

1.5999999999999999

-0.0038

1.088

1.7999999999999998

0.2338

1.275

1.9999999999999998

0.5

1.37

2.1999999999999997

0.7738

1.345

2.4

1.0282

1.172

2.6

1.2306

0.82

2.8000000000000003

1.3426

0.263

3.0000000000000004

1.32

-0.53

3.2000000000000006

1.113

-1.587

3.400000000000001

0.6658

-2.936

3.600000000000001

-0.083

-4.608

3.800000000000001

-1.2006

-6.629
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